Thermoflow Multiplicity in a Cooled Tube

The coupling between the momentum and energy balances and the
change of physical properties with temperature can give rise to situa-
tions in which the pressure drop vs. flow rate curve is nonmonotonic.
This can lead to thermofiow multiplicity—the existence of different flow
rates in a tube under the same overall pressure drop. A two-dimensional
model is used to analyze the conditions leading to thermoflow multiplic-
ity for an incompressible non-Newtonian fluid flowing in a cooled tube.
First, the multiplicity features of various limiting models are determined.
These results are later used to gain an understanding of the asymptotic
multiplicity features of the general model. The results show that the
temperature sensitivity of the viscosity necessary for thermoflow
multiplicity to occur decreases with increasing Brinkman number or 3
(modified Stanton number), or with decreasing cooling temperature, Biot
number, or power law parameter. Multiple flow rates for a prescribed
pressure drop are unlikely to occur in heat exchangers in which the
Brinkman numbers are usually low and Biot numbers are high but may be
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found in polymer processing applications.

Introduction

Thermoflow multiplicity refers to a situation in which dif-
ferent flow rates exist in a system under the same pressure drop.
This phenomenon is caused by the coupling between the energy
and momentum balances and the change of physical properties,
such as fluid density or viscosity, with temperature or composi-
tion. The coupling is usually due to a heat generation or removal
process such as a chemical reaction, viscous dissipation, or cool-
ing of the tube.

For viscous flow in a tube, Kearsley (1962) was the first to
find multiple flow rates for a given pressure drop using a one-
dimensional model. Martin (1967) extended these results to a
power law fluid. Pearson et al. (1973) and Shah and Pearson
(1974a, b) assumed a uniform temperature at any axial cross
section and showed that thermoflow multiplicity can occur when
an incompressible fluid, the viscosity of which is very sensitive to
temperature changes, is cooled in a heat exchanger. Merzhanov
and Stolin (1974) assumed a constant radial temperature profile
in the cooled tube and found that thermoflow multiplicity may
occur for a Newtonian fluid flowing in a cooled tube. They
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determined the region of parameters in which the flow rate vs.
pressure drop curve was single-valued. Davis et al. (1983)
determined the influence of viscous dissipation on thermoflow
multiplicity in a tube, using the model of Kearsley (1962). Ther-
moflow multiplicity is known to occur in polymer processing
(Pearson, 1985).

Gupalo and Rayazantsev (1968) and Matros and Chumakova
(1980) found that thermoflow multiplicity could occur in chemi-
cal reactors. Lee et al. (1987, 1988) and Pita et al. (1989) pre-
sented a detailed analysis of the conditions leading to this multi-
plicity in packed-bed reactors. These studies have shown that
the main cause for thermoflow multiplicity in the reactors was
the change of density with temperature. A qualitative explana-
tion of the cause for multiplicity in multitube reactors was pro-
vided by Lee et al. (1987).

To gain a qualitative understanding of the cause of thermo-
flow multiplicity, consider a viscous fluid in a tube cooled from
the outside. The entering hot fluid has a low viscosity. If it moves
fast, it leaves the tube at a temperature close to that at the inlet.
If it moves slowly, the fluid temperature decreases substantially
along the tube and its viscosity increases. The viscosity increase
further reduces the velocity. This positive feedback mechanism
can lead to thermoflow multiplicity so that both the fast-moving
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low-viscosity fluid and the slow-moving high-viscosity fluid lead
to the same overall pressure drop. The initial conditions in the
tube determine which of the steady states is obtained.

In this paper we analyze the conditions that lead to thermo-
flow multiplicity for an incompressible non-Newtonian fluid
flowing in a cooled tube, using a two-dimensional model that
accounts for both axial and radial temperature gradients, vis-
cous dissipation, and heat removal by cooling. This model
includes as special cases all previous literature models as well as
other limiting cases not considered previously. We present maps
of the parameter regions in which thermoflow multiplicity
exists. A major concern of our analysis is the relation between
the predictions of the general model and those of simplified lim-
iting models, and an examination if and for what systems this
behavior can occur under practical conditions.

Mathematical Model

We assume that when the fluid enters the cooled zone it has a
fully developed laminar velocity profile and a constant tempera-
ture. Further, we assume that the velocity profile changes very
slowly in the axial direction and that no radial pressure gradient
exists, that axial conduction is negligible in comparison with
axial convection, and that radial heat convection is negligible in
comparison with radial conduction. (Radial convection is caused
by the change in the axial velocity profile of the cooled fluid.)
The validity of these assumptions is considered further in the
conclusions section.

With the above assumptions, the momentum and energy bal-
ances are

dp 19 dv,
?:ﬂ a,] W
aT ko[ aT 2
A Rl T

We assume that the viscosity of the non-Newtonian fluid satis-
fies a power law (Ostwald—de Waele) relation and an exponen-
tial temperature dependency, that is:

du,
or

B(T,—T
=%(To)exp[7°( = )}

We assume that the density change with temperature is much
smaller than that of the viscosity. The associated boundary con-
ditions are

u(T, n) = Aexp (B)

avz n—~1
ar

(3)

p=p, T=T, atz=0 (4a)
p=p atz=1L (4b)

v aT

2z - - - 0 4
- O’Gr 0 atr (4¢)
aT

v, =0, ——k;=h(T—Tw) atr =R (4d)
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We define the following dimensioniess variables

z £ r T

Y= - — -

L R 77T,

- L w2z

Po *

Y B

X(y) = exp (—— 7) vy=7  (53)

y T,

and the characteristic times

_ Rpe, . R’pc,

1, =

h Bk
2L pc, Ty [ R\n+
=73 L= ‘*i;—“ (F) (5b)

t, is the characteristic time for heat transfer through the wall, 7,
is the characteristic time for radial conduction, ¢, is the charac-
teristic time for axial convection, and ¢, is the characteristic time
for viscous heat generation. The smaller a characteristic time,
the faster is this process.

The function X(y) describes the sensitivity of the viscosity to
changes in the temperature, which increases as the dimension-
less parameter v increases. To obtain simple dimensionless
equations, we select the characteristic velocity u* to be

u* _ (poRnH)]/,, (6)

8Lu,

The characteristic velocity itself has no physical meaning. How-
ever, it is related to the average velocity v,,, in a tube with a
pressure drop p, and constant properties by the expression

n
3n+ 1

410y (7a)

Vzav =

To get a relation between the general average velocity in the
tube (with any pressure drop and not constant properties) and
the characteristic velocity u* we define the dimensionless aver-
age velocity U by the relation

U=2f'.sudg (7b)
0

Using the above definitions, the momentum and energy bal-
ances become:

327 - %%[X( )555 %’é ] ®
B T A R E
The corresponding boundary conditions are:
y=Lr=1 atx=0 (10a)
m=m atx=1 (10b)
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ou ady

% Oa_g 0 atf{=0 (10c)

0,— 1oy _( Y=0 at¢=1 (10d)
u= P y—y)=0 atf{-

We use dimensionless quantities, which are ratios of character-
istic times, to transform Eqs. 9 and 10d into, respectively,

ay Bl1al ay 9u\2 | du |*!
- il s o G| 5] oo
and
dy
——+Bt(y »)=0 atf=1 (12)

23

The new dimensionless parameters are the Biot number, Bi, the
Brinkman number, Br, and 8 (a modified Stanton number),
which are defined as

. tR hR
Bi=— = —
! t, k
Br _ 2 _ “Ou*n+ll
t, kT,R"
t 2hL
== 13
B t,  Ru*pc, (13)

Equations 8, 11, and 7b with boundary conditions 10a-10c and
12 form the general model. The objective of this study is to
determine the dependence of the flow rate (or equivalently U)
on the pressure drop (or equivalently ) and the parameter val-
ues for which this curve is multivalued.

The solution is symmetric with respect to the center of the
tube. Thus, using the transformation n = £ Fqgs. 8 and 11
become

dm "2 @ n+ 12 04 du !
T {X(y) |5 (14)
_a;y__ﬁ y ryy2 pnot (01 ou !
3% = Biu [61; (7] 3 + BrX(y) o 2 an 611 (15)

The corresponding definition of the average dimensionless ve-
locity becomes

U=j;'::dn (16)

Boundary conditions 10a and 10b remain unchanged but 10d
and 12 are replaced by

ay

5
u=0,a+7’(y—yw)=0 aty - 1 7

The symmetry boundary condition, Eq. 10c, at £ = 0 is satisfied
automatically.
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Numerical Solution of Model

The above mathematical model was solved numerically using
the collocation method to describe the radial derivatives and a
finite-difference scheme for the axial derivatives. The velocity
profile at any axial point was approximated by

N+1

u(n) = f‘: ai P(n) (18)

where P,(n) are orthogonal polynomials (Villadsen and Mi-
chelsen, 1978) and a, are constants to be determined. The num-
ber of radial collocation points, N, was usually four. Writing Eq.
14 for the NN collocation points gives N — 1 conditions about the
coefficients a,. The other two conditions are obtained from the
surface boundary condition and the Gauss-Jacobi quadrature
relation for Eq. 16 (Villadsen and Michelsen, 1978):

N+1

U= uw (19)
k=1

Because the temperature profile may be very steep, an adequate
description is not possible by a single polynomial, which tends to
oscillate in such cases. Thus, it was described by collocation on
finite elements (Finlayson, 1980), where the radial domain is
split into M intervals using an Lth-order polynomial in each
interval (in our case L was 2). Specifically, we used the repre-
sentation

M+l 2

y@) =2 3 buPuln) (20)

k=1 L=~1

where M was between 4 and 7. The value of y was computed by a
finite-difference form of Eq. 15, starting at x = 0 and moving in
the downstream direction to find the dimensionless exit pressure
corresponding to the assumed U. Experience has shown that the
number of collocation points has to be increased with a decrease
in the value of the power law exponent n or an increase in the
Brinkman number.

Repeating these calculations for a series of assumed U values
using the continuation scheme of Kubicek and Marek (1983)
enables the construction of a bifurcation diagram of =, vs. U. A
typical example is shown in Figure 1. When U is a monotonic
function of =, a unique inlet solution exists for any outlet pres-
sure. When the graph is not monotonic (e.g., ¥y = 10in Figure 1)
several inlet velocities can exist for all outlet pressures between
the ignition and extinction points. Increasing the temperature
sensitivity parameter vy increases the range of exit pressures for
which multiplicity occurs. The initial conditions and the stabil-
ity of the solutions determine which of the solutions is reached.
It can be shown that whenever three solutions exist, the interme-
diate one is always unstable.

Figures 2 and 3 describe the axial pressure and average tem-
perature profiles for the three different flow rates U with =, =
0.8. Figure 3 shows that the higher the average velocity, the
smaller is the average temperature change in the axial direc-
tion.

The general model contains six parameters: v, 8, Bi, Br, y,,, n.
When the values of five of these are specified, the multiplicity
region in the plane of the remaining parameter and =, is
bounded by the loci of the ignition and extinction points, each of

Vol. 36, No. 3 399



.001 .01 A 1.

Figure 1. Typical bifurcation diagrams of exit pressure
vs. flow rate (velocity) for three v values.

which satisfies both the steady-state equation
F(U,Wh’)’,B,Bi,Br,ym") Eﬂ'(l, U)'—Tl=0 (2])
and

dF
U (22)
Elimination of U from Eqgs. 21 and 22 gives the bifurcation set in
the parameter space. A cross section of this set is shown in the
71, v plane in Figure 4.

The loci of the ignition and extinction points coalesce at a
cusp point, Figure 4. A unique solution exists for all ¥

1.
i U=.0167
U =.0694
Bi=
T 9 B=o0
Yo =-8
n=.5
L B =.02
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U =.00107
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Figure 2. Pressure profiles of three states that exist un-
der the same overall pressure drop.
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Figure 3. Average temperature profiles of the three
states that exist under the same overall pres-

sure drop.
Parameters as in Figure 2.

values smaller than that of the cusp point, at which

Fere—s=0 (23)

The method of Witmer et al. (1986) was used to find the cusp
points of this two-point boundary value problem. Appendix A
describes the application of that procedure to this problem.
Again the continuation scheme of Kubicek and Marek (1983)
was used to construct the loci of these points. The calculations
indicate that a cusp point is the singular point of the highest co-
dimension of this model, suggesting that at most three solutions
exist for any parameter set.

It is important to know the range of practical values of the six
parameters in the model. In most applications, the Biot number

25

20 Unigue Solution

Br=1.
15 [ n=9
Yo =8
B =02 Cusp
10
4 6 8 1

Figure 4. Multiplicity region in v, r, plane.
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is in the range 0.01 to 10. The Brinkman number is usually very
small, of the order of 0.0001. Only in viscous polymer processing
it may be of order 1 or even more. The value of 8 is usually
between 0.0001 and 1.0. For most Newtonian fluids v has values
between 5 and 30. For example, for water ¥ = 5.9, phenol y =
9.2, light machine oil v = 10.7, heavy machine oil v = 21.4, and
for glycerin v = 26.9. For low-density polyethylene -y is between
8 and 17 (Meissner, 1971). The value of y, normally varies from
0.7 t0 0.95. For Newtonian fluids » = 1, and for polymers » may
be as small as 0.3. As our base case, we selected the parameter
values tobe 8 = 0.02, Br = 0, Bi = 1.0, and y,, = 0.8.

Analysis of Simplified Models

Prior to the discussion of the general model, we analyze in this
section some simplified limiting models. These models are useful
for gaining insight and understanding of the asymptotic behav-
ior of the general model. The simplified models are obtained
when one characteristic time in Eqs. 9 and 10d is either very
large or very small compared with the other characteristic
times.

Constant wall temperature model

The first simplified model we consider is the case of ¢, — 0,
for which the heat transfer through the wall is very large. This
changes the boundary condition of the general model, Eq. 17,
to

y=y, atnp=1 (24)
It follows from Eq. 13 that for #, — 0, Bi— « and 8 — =, but the
ratio Bi/@ is finite. Therefore, the parameters of the constant
wall temperature mode! are Bi /3 and Br, besides n, y,,, and v.
This limiting model is valid for large values of Bi and 8 and pro-
vides an asymptote for the cusp points of the general model in
the Bi, 8 plane. Figure 5 shows the locus of the cusp points of this
meodel in the plane of Bi/g vs. Br. For each fixed y,, n, and v the
cusp locus divides the plane into two regions. The dependence of
the flow rate on the pressure drop is single-valued in the region
above the graph and multivalued in the other region. The hyster-
esis curves have a vertical asymptote at the origin, implying that

40
Yy =8 Unique Solution
- no= v=12
Bi/B

20 [

- Thermoflow Multiplicity
possible

O 1 1 L 1 1 L 1 1

0 5 10

Br

Figure 5. Locus of cusp points, constant wall tempera-
ture model.

AIChE Journal

this model does not show multivalued behavior in the limit of
tg — 0. The reason for this is that in this case the temperature at
the tube remains constant at y,. The region of uniqueness for
this model, as well as for all the other models, increases with
increasing y, and n and decreasing v values.

Insulated tube model

The limiting case of ¢, — o corresponds to situations in which
the rate of heat transfer through the wall is very small, that is,
the tube is insulated. Here, boundary condition 17 of the general
model is replaced by

a—)f=0 atn =1 (25)
a

This insulated tube model is valid for Bi — 0 and 8 — 0 with a
finite ratio of Bi/B. This model predicts the asymptote of the
cusp points of the general model in the Bi, 8 plane for small val-
ues of Bi and B, if such an asymptote exists. We were unable to
find any cusp points for this model (we also had numerical prob-
lems for large U). However, we are also unable to prove that this
model always has a unique solution. We show in Appendix B
that multiplicity is not possible for the special case of §/Bi — .
Figure 6 describes some numerically calculated bifurcation dia-
grams for this model. The graphs for finite values of 8/Bi lie
above the limiting graph for 8/Bi — o but there is no indication
of multiplicity. For reasons explained later, the special case with
B/Bi — « is called the insulated tube with constant radial tem-
perature model.

Constant radial temperature model

The third limiting case we consider is of 1, — 0, for which the
conduction in the radial direction is very high and the radial
temperature profile is essentially uniform. When y, and there-
fore X(y) are independent of n, the momentum balance can be
written as

ou
an

(n+1)/2 27

dn

22" dre 9 u
X(y)dx oy

n—1
)= G (26)

.01

Figure 6. Bifurcation diagrams of =, vs. U, insulated tube
model.

March 1990 Vol. 36, No. 3 401



The lefthand side of Eq. 26 depends on x and the righthand side
only on . Therefore, each side is equal to a constant. Solving the
righthand side we get

U = Cl/n ; [ A+n)/2n ]] (27)

+

The constant C, is determined by using the definition for U, Eq.
16. The lefthand side of the momentum balance then gives

1 + 3n\r
_i_'f) I (28)
2n

drn

— - X2
i )

To remove the 5 dependence from the energy balance we inte-
grate it in the radial direction to obtain, after use of boundary
condition 17,

dy - _,B_( ) 4+ B8 Brx(y)2" U"(l + 3n)" (29)

dx Bi 2n

Thus, this simplified model consists of two ordinary differential
equations. The boundary conditions in the axial direction are the
same as for the complete model. Merzhanov and Stolin (1974)
have analyzed this limiting model for a Newtonian fluid. Pear-
son et al. (1973) and Shah and Pearson (1974a, b) have used it
to analyze the flow between two parallel plates with a simplified
temperature dependence of the viscosity (positive exponential
approximation). Using linear stability analysis, they determined
the marginal stability boundaries in a plane of two parameters.
However, one of these parameters, the Graetz number, depends
on the unknown velocity U. Our maps do not require the specifi-
cation of the velocity.

It follows from Eq. 13 that this model is valid for Bi — 0 and
Br— 0 with a finite ratio of Bi/Br. Thus, instead of the parame-
ters Bi and Br this constant radial temperature model contains
only Bi/Br. It can be used to generate an asymptote of the cusp
points of the general model in the Bi, Br plane.

Figure 7 describes the cusp locus of this model for three dif-
ferent values of n. The curves divide the parameter space into a

Thermoflow Multiplicity n=1.1
12 possible
8
v
4
Unique Solution
O L ] 1 ] I b

108 10" 102 10°
Bi/Br

Figure 7. Dependence of vy at cusp point on Bi/Br, con-
stant radial temperature model.
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region in which thermoflow multiplicity exists and one in which
it cannot occur. (In all the following graphs, the multiplicity
region is above the curve.) The locus of the cusp points for the
constant radial temperature model has two constant asymptotes
for Bi/Br — 0 and Bi/Br — . The region of multiplicity
decreases with increasing Bi/Br between the two limiting
asymptotes. These asymptotes correspond to two further simpli-
fied models, the infinite tube with constant radial temperature
model for Bi/Br — 0, and the constant radial temperature with
no dissipation model for Bi/Br — «. We discuss these limiting
models later.

The other limiting case, of 1 — =, for which nearly no con-
duction exists in the radial direction, gives no new simplified
model. Similarly, the case of ¢, — 0, for which the residence
time is very short, does not simplify the analysis of the general
model.

Infinite tube model

The limiting case of ¢, — < is one for which the temperature
profile does not change in the axial direction because the resi-
dence time in the tube is very large so that an equilibrium state
is reached. With this assumption, Eq. 11 is reduced to

10 u\2
z&(ﬁ)* Xy )(z)

Integrating the momentum balance, Eq. 8, first with respect to x
from 0 to 1 and then with respect to £, we get

n-1

il (30)

3

du

48 — 1) = X(y )— 52 + G €2))

Using boundary condition 10c we find that the constant C, is
zero, so that Eq. 31 can be rewritten as

du

% (32)

) [4&(1 ~ )]'/»
Loxw)

Substitution of Eq. 32 in Eq. 30 gives

*

—d—(g )+A£'+'/"exp( l)=o (33a)
d¢ y

£ dt

where

A=Br(4(1 — m))'"*'" and y* =

E R

(33b)

The corresponding boundary conditions are Eqs. 10c and 12.
Equations 33 and 12 show that the -y value at the cusp point will
depend on n, Bi, and y,, but not on the value of Br.

This infinite tube model is valid for 8 — , while Bi is finite.
It predicts the asymptotic cusp points of the general model in
any plane with 8 in one axis and a parameter (other than Br) in
the other axis.

Figure 8 describes the cusp locus of this model. There are two
asymptotes for large and small values of Bi. Again the asymp-
totes can be described by more simplified models, the infinite
tube with constant radial temperature model for small Bi, and
the infinite tube with constant wall temperature model for large

AIChE Journal
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Figure 8. Dependence of v at cusp point on Bij, infinite
tube model.

Bi, which we discuss later. At intermediate Bi values the value of
the minimal +, for which thermofiow multiplicity can occur,
increases with increasing values of Bi.

Negligible dissipation model

The limiting case of ¢, — 0 means that the heat generation is
the dominant term so that the fluid temperature increases rap-
idly without any limit (at least in theory). Therefore, this
assumption does not lead to any simplified model. But for the
limiting case of ¢, — « the viscous dissipation is negligible and
Eq. 11 is reduced to

n 210(,2) o0
dx Bitot\ of

For this limiting no-dissipation model we can define new vari-
ables in Eqs. 8 and 34. We can combine « /8 in Eq. 34 to a new &
and in Eq. 8 we define a # as #/8". Thus, § influences only the
values of U and =, for which thermoflow multiplicity occurs but
not the region of multiplicity in the space of the remaining
parameters. This model is valid for Br — 0, and gives the
asymptotic cusp points of the general model in a plane with Brin
one axis and a parameter (other than Bi, because g has to be
finite) in the other axis. Figure 9 describes the cusp points of this
limiting model. For small Bi values there exists an asymptotic vy
value below which multiplicity does not exist. As Bi increases
this limiting -y value increases without limit. The asymptote for
Bi — 0 is that of a more simplified constant radial temperature
with no dissipation model, discussed later.

Additional simplified models

In all the limiting models discussed so far, the number of
parameters is reduced by one from six to five. The figures of the
cusp locus of the limiting models show that there exist further
simplified models that describe the asymptotic behavior of the
limiting models. These models are obtained if two characteristic
times have extreme values or equivalently by combining two of
the limiting models discussed above. Not all combinations are
possible, but we get five more models.
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Yo =8

4 1 ] L
.001 .01 A 1
Bi
Figure 9. Dependence of v at cusp point on Bij, no-dissi-
pation model.

10

The first combination is of ¢, — 0, that is, the constant wall
temperature model with ¢, — o, which is the infinite tube model.
This model is valid for Bi — o, § — «, and Bi/8 — 0. This
simplified infinite tube with constant wall temperature model
contains only the parameter Br besides n, y,,, and -y. This model
was solved by Kearsley (1962) and Martin (1967) using a sim-
plified temperature dependence of the viscosity. Davis et al.
(1983) used this asymptotic model to show that thermoflow
multiplicity exists for a Newtonian fluid.

The next possible combination is of 7, — « with 7, — 0, that
is, of the no-dissipation model, Eq. 34, with the constant wall
temperature boundary condition, Eq. 24. This model is valid for
Bi — », 8 — «, Br — 0, and Bi/{ finite. As for the no-dissipa-
tion model, we can combine the parameter Bi /8 with the vari-
ables 7 and u. The cusp points therefore depend only on n, y,,
and y. For constant viscosity, this constant wall temperature
with no dissipation model is the classical Graetz problem.

The case of t; — 0 and t, — = combines the constant radial
temperature model, Egs. 28, 29, with the insulated tube boun-
dary condition. Because of the new boundary condition Eq. 29 is
replaced in this model by

35
dx Bi 2n G3)

dy BBrX(y)2" U"(l + 3n)'l
but Eq. 28 remains unchanged. In this insulated tube with con-
stant radial temperature model Bi — 0, Br — 0, 8 — O,
Bi/Br — 0, and Bi/(Br $) is finite. It is proved in Appendix B
that this model cannot have multiplicity.

Combining the constant radial temperature model (1 — 0)
with the infinite tube model (7, — =) gives the infinite tube with
constant radial temperature model. Here the average velocity
and temperature satisfy the equations

1 + 3nyr
=1 — X(p)2" (ﬂ) U (36)
2n
BrX(y)2" I+ 3n\r
XD e (LE30E () —0 @37
Bi 2n
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Dividing Eq. 36 by Eq. 37 we get
Bi
4U(1 —m) = B =) (38)
r

Solving Eq. 38 for U and substituting this value in Eq. 36

gives
b=
exply — =
y
v -») (39%)
where
1 + 3n Bi\»
2n  Br
" (%)
The cusp points of Eq. 39a are at
Y = 4ny,
y=2.
4ny, — 2
o P Umyy = 2n) 40)

yu

Figures 7 and 8 show how this limiting v value is reached
asymptotically. This model is valid for Bi — 0, Br — 0, § — o,
and Bi/Br is finite.

Finally, we can combine the constant radial temperature
model (2 — 0) with the no-dissipation model (¢, — =) to get
the constant radial temperature with no dissipation model. It
satisfies Eq. 28 and

dy B
—=—=(y- 41
i o) (41)
The solution of Eq. 41 with boundary condition 10a is
Bx
y=Yu+ (=) exp(- F) (42)

Using this explicit expression for y(x) we can integrate Eq. 28 to
get
-1 = [ Xty 13m0 gnax (@3)
o= A Y n

This model is valid for Bi — 0, Br — 0, and Bi/Br — «. As for
the no-dissipation model, we can combine the variables with the
parameter (3, and the cusp points depend only on n, y,,, and .
All other combinations give trivial solutions or lead to contra-
dictions. It is obvious that 7, — O (constant wall temperature
model) and ¢, — « (insulated tube model) cannot occur at the
same time. If we combine the constant wall temperature model
with the constant radial temperature model the temperature at
all points in the tube is y,,. This trivial model is the limiting case
in Figure 5 for small Bi and Br. Thermoflow multiplicity does
not exist in this case. The insulated tube model and the infinite
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Table 1. Characteristic Times Corresponding to the Various
Simplified Models
Model t g t. t,

Constant wall temperature 0
Insulated tube £
Constant radial temperature |
Infinite tube 1

— S -
B o e e
— e

No dissipation 1 1 1 oo
Infinite tube with constant wall

temperature 0 1 o 1
Constant wall temperature with no

dissipation 0 1 1 ©
Insulated tube with constant radial

temperature S 0 1 1
Infinite tube with constant radial

temperature 1 0 @ 1
Constant radial temperature with

no dissipation 1 0 1 ®
Isothermal y - y,, 0/1  0/1 1/ 1f=
Isothermal y = 1 @ 1 1 o

tube model cannot be combined because it is not possible to get
an equilibrium state without heat removal unless the Brinkman
number is zero (no dissipation model). The combination of the
no dissipation mode! with the insulated tube model is the trivial
case of isothermal flow in a tube. Finally, it is not possibie to
combine the infinite tube model and the no-dissipation model
because it gives only the trivial solution of y = y, everywhere.

The above five new combined models have two parameters
less than the complete model. Table 1 summarizes all the possi-
ble models. For each limiting case, the table shows only one
combination of characteristic times. There may be other combi-
nations that also give this asymptotic model. One example is the
case of t, — oo, tg —> o0, t, — 0, and ¢, = 1, which corresponds to
the no-dissipation model.

The above limiting models may be used to predict multiplicity
in a variety of other problems in which mechanisms different
from external cooling lead to changes in the physical properties
of the fluid.

Thermoflow Multiplicity Analysis for the General
Model

In this section we analyze the influence of all the parameters
on the region in which thermoflow multiplicity is possible. The
parameter v contains only fluid properties and we shall deter-
mine the minimal value this parameter needs to have so that
thermofiow multiplicity can occur for some 7, as a function of
the other model parameters. In all the figures to be shown, ther-
moflow multiplicity can occur only for y values above the cusp
loci. We shall use the simplified limiting models to gain insight
into the behavior of the general model and to predict its asymp-
totic features.

Figure 10 shows the influence of 8 on the cusp locus. Very
large values of B are not realistic, but to show both asymptotes
we extended the graph to such large values. With increasing
thermoflow multiplicity can be found for smaller vy values. For
very small and very large 8 the values of Br do not affect the
limiting value of v. Large Brinkman numbers shift the region of
multiplicity to smaller vy values. A surprising result is that the
critical v is independent of B for Br = 0. We now try to explain
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Figure 10. Dependence of v at cusp point on 8 and Br,
general model.

most of these features using the limiting models. We note that
8 — 0 implies that 7, — =. Since ¢, — « and both Bi (=tg/t,)
and Br (=tg/1,) are finite, it follows that 7, — < and tg — <.
Equation 10d shows that if both ¢, and ¢4 are unbounded, the
general model does not reduce to the limiting insulated tube
case. Only 7, — o simplifies the model. Thus, 8 — 0 corresponds
to the no-dissipation model. This is verified by Figure 10 as the
curves for different Brinkman numbers coalesce for small values
of 8. For the case of 8 — « we get 1. — o, the infinite tube
model, where the value of « at the cusp point depends on Bi only.
Therefore, all the curves for different Br coalesce again. A spe-
cial case is Br = 0, the no-dissipation model (valid now for all
values of 3). As explained above, the ¥ values of the cusp points
of this case are independent of §.

Figure 11 shows the influence of the Biot number on the value
of v at the cusp point. Increasing the Biot number shifts the
locus of the cusp points to larger v values. Unless Br = 0 the
curves do not reach a constant limiting v value for small Bi

16

12

.001 .01 A 1 10
Bi
Figure 11. Dependence of v at cusp point on Bi and Br,
general model.
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within the graph. For large Bi the curves for different Brinkman
numbers coalesce. We look again at the characteristic times to
find limiting models that explain the observed features. The lim-
iting model for small Biot and Brinkman numbers is the con-
stant radial temperature model with 75 — 0. This model con-
tains instead of Bi and Br only the ratio Bi/Br. For Br = 0 the
value of Bi/Br— « and Figure 7 shows that a finite limiting v
value exists in this case, which is the asymptote of the constant
radial temperature with no dissipation model. Therefore, a hori-
zontal vy asymptote exists for Br = 0 and small Biot numbers.
For finite Brinkman numbers the ratio Bi/Br decreases for
decreasing Biot numbers. Figure 7 shows that for decreasing Bi/
Br the region of multiplicity begins at smaller v values. There-
fore, the v values for Br = 0.1 decrease with decreasing Bi in
Figure 11 and do not reach a limiting value as the case Br = 0.
Finally, when Bi/Br — 0, the v asymptote of the infinite tube
with constant radial temperature model is obtained. The cusp
locus for Br = 10 cannot be described by a limiting model for
small Bi, because Br is not small. But the qualitative behavior
for Br = 10 follows that of the constant radial temperature mod-
el. For large Biot numbers we get the asymptote of the no-dissi-
pation model with ¢, — . Therefore, all the curves in Figure 11
with different Brinkman numbers coalesce for large Bi.

Figure 12 shows the influence of the Brinkman number on the
v values at the cusp points. Increasing Br decreases the v value
of the cusp points, that is, it expands the region of multiplicity.
For very small and very large values of Br the cusp points occur
at a limiting v value. For small Br the viscous dissipation is neg-
ligible and the limiting model is the no-dissipation model, which
is independent of Br. Therefore, the vy value at the cusp points
reaches an asymptotic value for decreasing Br. For very large
values of Br the limiting model is the infinite tube model where
the cusp points are independent of Br.

Figure 13 shows that a nearly linear relationship exists
between the power law parameter n and y. Decreasing n reduces
the v values of the cusp point. An exact linear relation between v
and n is obtained for the infinite tube with constant radial tem-
perature model, where the cusp points can be determined ana-
lytically.

The value of y,, has, in general, the strongest influence on the

102 10° 102 104

Br

Figure 12. Dependence of v at cusp point on Br and n,
general model.
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Figure 13. Dependence of v at cusp point on n and Br,
general model.

v value at the cusp point unless we are close to the infinite tube
asymptote. The graph of the cusp points, Figure 14, shows a pole
close to y,, = 1. For y, close to unity thermoflow multiplicity is
not found for real fluids because the corresponding v value is
unrealistically large. But for decreasing y,, values, the v value at
the cusp point decreases rapidly to realistic values. Thus, a small
change of y,, can cause a large change in the region of multiplic-
ity. This is not surprising because y,, determines the magnitude
of the heat removal, which is the main reason for temperature
changes unless Br is very large. This also explains why the
curves for different Br coalesce for small y,, because the dissipa-
tion becomes less important when the cooling increases. If we
are in the parameter region of the infinite tube asymptote, mul-
tiplicity is possible even for values of y,, larger than one.

We can sometimes use the limiting models to construct the
cusp points of the general model. Figure 15 shows the cusp
points in the 8, Bi plane, for fixed values of v, y,,, and n. Thermo-
flow multiplicity here is found for parameters below the curves.

50

40 L n=.9 Br=0
n=.9 Br=10

30

Y
20
10
0 1 1 1 L

Figure 14. Dependence of v at cusp point on y. and n,
general model.
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Figure 15. Cusp locus of general model in 8, Bi plane for
various Br values.

For small values of 8 the asymptote has a constant Bi value for
all Br. The value of Bi at the cusp points increases with increas-
ing B8 except when Br = 0. For higher Br the increase in the Bi
values starts at lower 8 values. For large 8 (or Bi) all the curves
reach a slope of 1 when logarithmic scales are used.

The limiting model of small 8 with finite Bi and Br is the no-
dissipation model. In that model v at the cusp point depends on
Bi. The limiting value of Bi as a function of the fixed parameter
v can be found from Figure 9. (If v is lower than a limiting val-
ue, no limiting B exists.) The limiting model for large Bi and 8
is the constant wall temperature model, for which Figure 5
determines the dependence of Bi/8 on Br at the cusp point. In
the logarithmic graph of Bi vs. § any value of Bi/@ is represented
by a straight line of slope one. Hence, we can use Figure 5 to
construct the asymptotes in Figure 15 for large 8 and Bi for any
Br. Figure 15 shows that the two asymptotes give a good approx-
imation of the cusp point locus for the complete model.

Conclusions

The conditions leading to thermoflow multiplicity for an
incompressible non-Newtonian fluid flowing in a cooled tube
were determined. The two-dimensional model analyzed here
includes all the previously studied models as special cases. The
occurrence of thermoflow multiplicity was determined first for
various limiting models. The systematic approach of formulat-
ing these limiting (simplified) models and relating them later to
the asymptotic behavior of the general model should be useful in
many other applications.

The maps of multiplicity regions indicate that thermoflow
multiplicity is very unlikely to occur in common heat exchang-
ers. Most common Newtonian fluids have a low v value. More-
over, heat exchangers are characterized by high Biot numbers
and low Brinkman numbers, which again lead to uniqueness.
Mutltiplicity is possible only for very high temperature differ-
ences in the heat exchanger (small y, ). It may occur for usual
temperature differences only when a highly viscous fluid fiows
in a heat exchanger. These cases seem to be of no practical sig-
nificance.

In polymer processing, viscous dissipation is very high and the
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Brinkman number may be of order one or more. Moreover, the
power law parameter n is usually much smaller than unity and v
exceeds 10. Thus, for typical y,, and =, values, thermoflow mul-
tiplicity may occur. In such cases, the exact region of multiplic-
ity can be determined by constructing a bifurcation set as shown
in Figure 4.

In the formulation of the momentum and energy balances,
Eqgs. 1 and 2, it is assumed that the velocity profile changes
slowly in the axial direction (i.e., p v, dv,/dz is very small com-
pared to the pressure gradient). This assumption is always valid
for the constant radial temperature and the infinite tube models.
Thus the predictions of these models are valid for all values of
the Reynolds number for which the flow remains laminar. For
the general model, the assumption that dv,/dz « 1 may not be
satisfied if Bi or Br is large. In this case the predictions of the
general model may be valid only if the Reynolds number is smali
(creeping flow). Unfortunately, it is not possible to estimate a
priori the largest Reynolds number for which the predictions of
the general model remain valid, and this value depends on the
other parameters that characterize the system.

This work ignores the variation of density with temperature.
Inclusion of this effect is expected to increase the range of
parameters for which thermoflow multiplicity occurs. The ap-
proach presented here may be used to analyze that problem. We
also ignore in this work the possible occurrence of oscillatory
flows or symmetry breaking, leading to flow profiles that are not
axisymmetric.
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Notation

A = rheological parameter
B = rheological parameter
Bi = Biot number
Br = Brinkman number
C = constant
¢, = heat capacity
k = thermal conductivity
L = tube length
n = power law parameter
N = number of collocation points
P = pressure
P = polynomial
r = radial direction
R = radius of tube
T = temperature
u = dimensionless axial velocity
u* = characteristic velocity
U = ratio of average velocity to characteristic velocity
v, = axial velocity
v, = average velocity when (1) = 0 and constant properties
x = dimensionless axial direction
X=exp(y/y—v)
»y = dimensionless temperature
z = axial direction

Greek letters

B = dimensionless heat transfer parameter (modified Stanton num-
ber)

v = temperature sensitivity parameter

n = dimensionless radial direction, = £

¢ = dimensionless radial direction

u = viscosity

AIChE Journal

« = dimensionless pressure
p = density

& ~ combined parameter
A = combined parameter

Subscripts

L = at outlet of tube
at wall of tube

at axial position z
at inlet of tube

= at outlet of tube

I

I

w
z
0
1
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Appendix A

Witmer et al. (1986) describe a method of finding singular
points of two-point boundary value problems. We differentiate
Eqgs. 14 and 15 with respect to U to get at the collocation points

du; | n-1
an

2, 2
I 2n—2 9 (X n+1/2 aul' (Al)

axaU =~ amau\"’ an
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Br X;q" D2 2" '(‘Z’) a_ “ (A2)
Fr e & X, R A (A3)
AxaU? IMoU*? dn | I
&y, __‘i 28 _‘_3_ dy; +
axaU? ~ U \Biw;|on \" 8n
Qu\2 | Qu; | n—1
Br Xyt /2 pn- '(an) -ai ” (A4)

wherei=1,2,...,2M,j=12,...,N.

These equations must be solved simultaneously with the origi-
nal equations to get the first and second derivatives of =, with
respect to U. At the cusp points these derivatives vanish. We
approximate the first and second derivatives of u and y with
respect to U by polynomials as in Eqgs. 18 and 20. To determine
the unknown constants of the polynomial approximations we use
Egs. Al and A3 at the collocation points together with the first
two derivatives of Eq. 16 (Gauss-Jacobi quadrature relation)

’f du,
U "k~

k=1

N+I

0 and z AW = (AS)
to get a system of equations as described in the section on
numerical solution of the model. The boundary conditions for
the integration of Eqs. Al, A2, A3, and A4 are given by

d & ] &
o ,__’rz_o_)ﬁ_o d-l=0atx-0 (A6)
U 104 U U

Appendix B

To prove that the insulated tube with constant radial temper-
ature model cannot have multiplicity, we divide the momentum
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balance, Eq. 28, by the energy balance, Eq. 35, to get

dn Bi

dy 4 3 Br

(B1)

We integrate Eq. Bl and use boundary conditions 10a and 10b
to get a linear relation between = and y

Bi
W=_4ﬂBry+(4ﬁBr+l) (B2)

It follows from Eq. B2 that multiplicity is only possible if the
same p(1) exists for different U, because there exists a unique
relation between y and .

Now we show that the temperature profiles for different U
cannot intersect except at x = 0. The energy balance, Eq. 35, is
of the form

d
d—y -G X(y) U (B3)
X

where X(y) is a monotonic decreasing function of x (as no cool-
ing exists, the temperature has to increase in the x direction due
to heat dissipation). Because of the boundary condition, y = 1 at
x =0, X(y) is the same for all the velocities U at x = 0. Thus, in
a small neighborhood around x = 0 the slope of dy/dx increases
with U”. It follows that close to x = 0 the temperatures for larger
U are higher than those for smaller U. If the temperature pro-
files for different U intersect somewhere, the one with the larger
U must have a smaller slope at the intersection point because it
comes from above. At the intersection point both profiles have
the same temperature and therefore X(y). But dy/dx is larger
for the profile with the larger U, Eq. B3, and this leads to a con-
tradiction. Therefore, temperature profiles for different U can-
not intersect and multiplicity is not possible for the insulated
tube with constant radial temperature model.
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